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In this note we give a procedure for inverting the integral transform f(x) = 
sz k(xt) q%(t) dt, where the functions f(x) and k(x) are known and b(x) is to be 
found. The inversion is accomplished in two steps: by first defining a trans- 
forming function, which is an integral, followed by the application of an infinite 
order differential operator. 
1. INTRODUCTION 
In 1947 a very effective method was developed by Widder [ll] for inverting 
the convolution transorm 
F(x) = j-= G(x - t) t)(t) dt 
-cc 
to retrieve the unknown function t)(t). His technique led to the inversion formula, 
[14] p. 180, 
where 
E(s) = ecs fj (1 - -&) es’ak, 
k=l 
uk , C are real constants and C ai < co. This characteristic property of the 
of the kernel function G(x) is known as E(s) E E,, , Laguerre-Polya class, [14, 
p. 1741. 
This theory, if applied to the integral transform 
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results in the formula 
1 
q;) -c+(x), 
K(1 - 8) X 
8 x5 -xg , 
where l/[K(l - s)] E &, , K(s) being the Mellin transform of the kernel k(x). 
Later the class of kernel functions k(x), for this inversion theory, was extended 
in basically two directions; namely when l/[K( 1 - s)] has complex roots 
[4, 1, 21 and when l/[K( 1 - s)] . is meromorphic. In the latter case, extensive 
work has been done for the case when K(1 - S) = Er(s)/Es(s), where El(s) and 
EZ(s) arc entire functions, with real zeros only, belonging to the class E;, , 
[3, &9, 121. Also the author dealt with the case when K(X) is generalized Fourier- 
M’atson kernel i.e. K(s) = L(s)/[L(l - s)] and l/[L( 1 - s)] E E,, , [5]. 
In the present paper we shall give a result for inverting the integral equation 
(1.1) for a wider class of kernel functions k(x); namely, the function K(X) whose 
Mellin transform K(s) have the form K(s) = L(s)/[M( 1 - s)], where 
l/[L(l - s)] E E, and M(S) is an arbitrary function of the complex variable S. 
The above mentioned known cases become special cases of our result if l/M(s) E 
Eu and M(s) =L.(s) respectively. 
It shall be shown that in the present case, also, the inversion of (1.1) will be 
accomplished by the formula 
The infinite differential operation 1 /[K( 1 - e)] shall be interpreted in a way so 
that the formula (1.2) represents two steps. 
2. PRELIMISARIFS 
We shall make use of the fundamental result of Widder [13], which we 
reproduce here for reference. 
THEOREM A. If(i) E(s) E E. 
(ii) h(x) = l/2& J?Tm [X-~/E(S)] ds 
(iii) f(x) :y Jr (l/t) h(x/r) f+(t) dt, for almost all x > 0, then E(d)f(x) = 
I$@), e : i -s(d/vx). 
The second assumption defines E(s) as the reciprocal of the Mellin transform 
of the kernel h(.r) i.e. E(s) = l/H( ) s , sa y  , and E(0) is the limit of a polynomial in 0. 
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DEFINITION. The function K(X) ED, [cf. 10 (p. 227)], if and only if 
(i) there exists K(S) such that K(S) is bounded on s = 4 + it, - zc < 
t < cc, 
(ii) h(x) = & j-,2 f$ x1--S ds, (2.1) 
where k,(x) = sz k(t) dt, and 
(iii) ~-Wzr(x) is bounded. 
We shall denote lim,,, or (Z&z.),,, l/2& J$$ by I/2ri flla , throughout. 
LEMMA 1. Let I/I(X) c L2(0, co) and define (b(x) = (l/x) jz C(t) dt then 
xlR+) - 0 us x -+ 0 or co and i&x), XC,D’(X) both EL~(O, a). 
This is a known result, [5]. 
LEMMA 2. Let (i) /z(x) E D. 
(ii) f(x) = Jr K(d)+(t) dt, x > 0 
(iii) (6(x) as in Lemma 1, 
then f(x) EL2(0, co), [cf. 51. 
Proqf. Because of assumptions (i) and (iii), it is easy to see that the integral 
fG4 = Iorn fw) Ht) dt 
exists. By integration by parts, 
Now t-1’2kl(t) is bounded, therefore the integrated term is O(t112+(t)), which 
vanishes at both the limits due to Lemma 1. 
Thus 
f(x) = - ; L= y  tc$‘(t) dt. 
Due to assumption (i) of definition / K(s)/(l - s)l = O(t-l), on s = & + it, 
hence EL~(-co, cc) and from (2.1) it follows that its Mellin transform 
&(x)/x EL~(O, co). Also from Lemma 1, we have X+‘(X) EL~(O, cc), therefore 
by the Parseval theorem for L2-functions, the last integral gives 
f(x) = - + & j-/, F; x1--S . (s - 1) @(l - s) ds 
1 
I 
=y 
27n 112 
K(s) @(I - s) x+ ds, 
(2.2) 
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since K(s)/(l - s) XI-~ and -s@(s) are the Mellin transforms of kJxt)jt and 
t+‘(t) respectively; here Q(s) denotes the Mellin transform of #(x). I f  F(s) is the 
Mellin transform off(x), then from (2.2), we have that 
F(s) = K(s) @(l - s) a.e. on Re(s) = 4. (2.3) 
Now, ] K(Q + it)] is bounded, therefore 
I F($ + it)] = O(1) 1 @(& - it)/ 
hence F(s) EL~(& - ice, Q + k), since CD(S) does, due to second assertion of 
Lemma 1. Thus f(x) eL2(0, co). 
LEMMA 3. Let l/[L(l - s)] E E,, then L(s) EL~(& - ice, $ + ioo). This is 
one of the kmwn properties of the class E, , [14, p. 1761. 
3. 
THE MAIN THEOREM. Let 
(9 9W = l/x .C W) & W) EL2(0, a>. 
(ii) k(x) E D 
(iii) f(x) = Jr k(A) 4(t) dt, for almost all x > 0, 
(iv> 
L(s) 
W = M(l _ s) T M(++it)#O, --oo<t<co. (3.1) 
(v) l/[L(l - s)] E E,, on Re(s) = i. 
(4 R(x) = jmf(t) m(xt) dt, (3.2) 
0 
where 
Then 
m(x) = & 1,2 M(s) a+ ds. 
a.e., 
( 
e-g). 
Proof. From the assumptions (iv), 
L(s) = K(s) M(1 - s), 
and since I K(Q + it)1 is bounded, we have 
IL@ + 41 = O(1) I M($ - @I , -w<t<w. 
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Now by Lemma 3, L(& + n) eL2(-oo, co) hence M($ - it) EL~(-~I, ~CXI) or 
M(s) cL2(& - ioo, + + ioo) which implies that m(x) EL~(O, co), by Mellin 
transform theory. Also by Lemma 2, f(x) EL~(O, co), therefore the integral in 
in (3.2) converges absolutely. Furthermore by the Parseval theorem, 
R(x) = p(t) m(xt) at 
0 
1 =- 
s h-i 1/2 
F(1 - s)M(s)x-” ds. 
From the functional Equations (2.3) and (3.1) we have 
F(1 - s) M(s) = @(s)L(l - s). 
Thus 
R(x) = & j- @(s)L(l - s) x+ ds 
l/2 
= I m 44 $64  0 
again by the Parseval theorem where L(s) is the Mellin transform of Z(x). We can 
write 
R(x) = $ jm 4(u) I (+) du, 
= r;(u) i h (c) du, say 
(3.3) 
where h(u) = (l/u) Z(l/u). Now 
1 
w = H(s) = 
1 
L(1 - s) E 4 ’ 
therefore Theorem A is applicable to the integral (3.3), to give 
Jw) w4 = d(G 
i.e. 
as required. 
4. APPLICATIONS 
(i) Note that the above theorem can formally be reduced to Theorem A, if we 
put M(l - s) = 1, in (3.1) so that m(x) = S(l - x), Dirac Delta function. Now 
R(x) = l=)(t) m(d) dt = ; Lwf (+) m(t) dt = $f (f, . 
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Thus 
becomes 
which is the inversion formula of Theorem A with k(x) = (l/x) h( I/x). In 
particular if 
then 
f(x) = jam e++(t) dt, 
1 
‘f(i) = d(x)* q1 - 6) X 
(ii) I f  K(S) = r(s)/[M(l - s)], then of course l/[r(l - s)] E E, and the 
inversion formula is 
F(l’- 6) W) = 4(x)* 
For example if k(x) = sin X, then 
whence 
L(s) = T(s) and M(s) = set &r, 
m(x) = 2 --I?- . 
77 1+x2 
The inversion formula for f(x) = sr C(t) sin xt dt is l/[r(l - e)] R(x) = $(.z), 
where 
In general if 
say then 
and 
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where G is the Meijer’s G-function, with appropriate restrictions. Hence 
1 
w n 
L cy _ 0) w4 = d(X)? R(x) = p(t) m(xt) dt. 
I f  oii = 13~ 1 .i = I,..., m, then 
K(s) = qs + %,,+J “. qs + %). 
KOW M(1 - S) = 1, then m(x) = 6(1 - x), therefore 
and 
R(x) = Ioaf m(xt) dt = ;f (+) , 
1 
w + %w1- 0) ..* q1 + N, - 0) x 
Furthermore, if 
then the inversion can be accomplished by the formula 
n 1 
%g j-(1 f  ai - 0) w = +), 
where 
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